A new numerical method to calculate full-nonlinear steady lee-wave solutions with high accuracy is proposed. This method is based on the charge simulation method, which is known as an efficient way to solve some kinds of partial differential equations numerically. Numerical solutions obtained by the new method are compared with analytical solutions or numerical solutions obtained by the boundary element method in order to show the proposed method yields highly accurate numerical solutions with a low computational cost.
Introduction
By the recent development of computers, the spatial resolutions of atmospheric numerical models are getting finer. In such fine-resolution models, the representation of orography requires special care because steep slopes can cause large numerical errors. In order to avoid such errors, several types of methods to represent steep topographies have been proposed; the cut cell method used by Yamazaki and Satomura (2010) is an example. For validating these new methods, the time-evolution of the two-dimensional (vertical cross-section) flow-field is computed by using these methods from the initial condition of an uniform horizontal wind which flows over an isolated mountain in an uniformly stratified atmosphere, and then a snapshot of the flow-field is compared with the theoretical steady lee-wave solution (e.g. Satomura et al. 2003 ). An excellent comprehensive review on lee-waves is provided by Durran (2014) . The theoretical solutions are often calculated based on the linear approximation in which the height of the mountain is assumed to be sufficiently low. However, in order to evaluate the accuracy of a numerical scheme applied to a steep topography more precisely, the full-nonlinear theoretical solution is more desirable. One of the most well-known full-nonlinear theoretical solutions was obtained by Miles (1968) , in which he derived the steady flow solution over a semicircular mountain based on the theory of Long (1953) . This derivation is, however, strongly dependent on the semicircular topography and it is not directly applicable to other shapes of topographies, such as a bell-shaped mountain, which is often used for intercomparison of numerical models (e.g. Satomura et al. 2003) . A new method, which used the boundary element method, to compute full-nonlinear steady lee-wave solutions for arbitrary topographies was proposed by Muraki (2011) . Although this method is a very useful one in that it can compute the steady solution for a topography for which the Fourier-based method could not obtain an accurate solution, it still has two undesirable features. One is that the convergence of the numerical solution is slow and a large number of computations are required to obtain a highly accurate solution. The other is that there are singular points on the topography as an inevitable feature of the boundary element method and it is difficult to calculate the flow field near the topography without some extrapolation methods.
In the present paper, we propose a new method to compute full-nonlinear steady lee-wave solutions for arbitrary topographies based on the charge simulation method. The charge simulation method is a method to compute numerical solutions for boundary-value problems of partial differential equations and it is developed to overcome the drawbacks of the boundary element method described above. The origin of the method dates back to Kupradze and Aleksidze (1964) , at least, and a very useful review of the method is provided by Okamoto and Katsurada (1992) . The remainder of the present paper is organized as follows. After we describe the fundamentals for calculating the steady lee-wave solutions in Section 2, we briefly review Muraki (2011)'s boundary element method in Section 3. In Section 4, a new method which is based on the charge simulation method is proposed. The numerical accuracy of these two methods are compared in Section 5. Summary and discussion are presented in Section 6.
Fundamentals for steady lee-wave solutions
The problem considered in the present paper is to calculate the steady lee-wave solution in the two-dimensional (vertical section) inviscid Boussinesq system. As Long (1953) showed, when the horizontal wind velocity and the buoyancy frequency are both constant in the far upstream, the stream-function corresponding to the steady solution of the velocity deviation from the constant wind satisfies the following Helmholtz-type equation,
Here, x and z are the horizontal and vertical coordinates, respectively, y is the stream-function corresponding to the velocity deviation. Note that both the dependent and independent variables are nondimensionalized by using the constant horizontal wind velocity (U ) and buoyancy frequency (N ) in the far upstream. For example, when U = 10 m s −1 and N = 0.01/s, the unit length is U/N = 1 km. From the stream-function, the x and z components of the wind velocity are derived as,
respectively. Solving (1) under proper boundary conditions yields the steady lee-wave field. If the bottom topography is represented as,
the bottom boundary condition can be written as,
For the top boundary condition, the so-called radiative condition should be employed as described in the next section because the source of the gravity waves is the bottom topography.
Muraki (2011)'s boundary element method
In this section, we briefly review Muraki (2011) 's boundary element method in a slightly modified form in order to show the derivation clearly. For the boundary element method, a fundamental solution, or a Green's function, of (1) (4) is imposed at finite points as,
Here, (x n , h(x n )) (n = −M, −M + 1, ¼, M ) are the collocation points where the boundary condition is imposed. Substituting (13) into (14) yields a system of simultaneous linear equations for (q m ). In the CSM, the way to choose the charge points and the collocation points is important because it largely affects the accuracy of the numerical solution but there are not well-established guiding principles for the choice. We propose the following empirical choice of the charge points and the collocation points based on trial and errors. First, we determine the charge points in dependence of the collocation points as,
Here, s m is the interval of the collocation points around (x m , h(x m )) along the topography, a is a tuning constant, and x 0 is set to zero. That is, each charge point is buried into the ground at a depth of as m perpendicularly to the topography from a corresponding collocation point. The interval of the collocation points, s m , is determined as,
where , 
Comparison between the two methods
In this section, we compare the accuracy of the numerical solutions obtained by Muraki's method and our method for two mountain shapes for which the nonlinearity of the solution is significant enough. For the comparison, we introduce a measure to evaluate the accuracy of the method as follows,
Here, y exact is the exact solution of the problem, and y M is the approximate solution obtained by either our method or Muraki's method with 2M + 1 discretization points. For Muraki's method, the discretization points are set in the same way as the collocation points for our method since details about how to discretize are not written in Muraki (2011) . The error measure ' (M, z) means the L ¥ -error on the line segment −6 ≤ x ≤ 12 at the altitude z. The error evaluation altitude z is chosen to be 5 throughout this paper except for Fig. 6 . The x-range is chosen to evaluate the error near the mountain and the downstream side is set to be longer for leewave.
First, we consider a semicircular mountain the topography of which is defined as,
be written as, (Miles 1968) because the group velocities of gravity waves corresponding to the steady solution have no upstream component. Considering the condition (5), the fundamental solution of (1) should have the following form (Lyra 1943) , Here, J n (r) and Y n (r) are Bessel's functions of the first kind and the second kind, respectively, and the polar coordinate r and f are defined so as to satisfy x − x = r cos f and z − h = r sin f. In the boundary element method, the steady solution is expressed in terms of a superposition of the normal gradient of the fundamental solution as
Here, m(x) is a weight function for the superposition, h¢(x) = dh(x)/ dx, and ¶G/ ¶n is the normal (perpendicular to the topography) gradient of the fundamental solution defined as,
Here, ¶G/ ¶x and ¶G/ ¶z are written as, The weight function m(x) is determined by solving the following integral equation which is obtained by substituting (7) into the bottom boundary condition (4),
Here, the integral in the right hand side is the Cauchy principal value. In the boundary element method, the integral equation (11) is discretized properly and solved for m(x) as a system of simultaneous linear equations. For the computation, the following equation,
is useful. Here, h²(
Our charge simulation method
The idea of the charge simulation method (CSM) is similar to that of the boundary element method except that the CSM uses a superposition of functions each of which has a singular point outside the domain of interest. Although the fundamental solutions of the partial differential equation of interest are often used for the superposition function in the ordinary CSM, we adopt the vertical gradient of the fundamental solution instead (the reason is discussed in Section 6). Then, we approximate the stream-function as, where a > 0 is the radius of the semicircle. In order to calculate the error measure ' , the exact solution y exact is necessary. For this special type of topography, Miles (1968) obtained the exact solution in a series expansion. We computed the expansion up to 100 terms, which yielded a sufficient accuracy for double-precision arithmetic. The total stream-function fields and the upward wind velocity fields computed in this way for two values of a, 1.0 and 1.27, are shown in Fig. 1 . The value 1.27 is chosen because this choice leads to a critical stream-function field in which a contour of the total stream-function field becomes parallel to the z-axis at a place as shown in Miles (1968) . To compute numerical solutions by using either Muraki's method or our method, the tuning parameters introduced in the previous section must be set. It is hard to determine the optimal values since it is very likely that they depend on the shape of the topography and the value of M. Thus, we adopted the following strategy. We try to tune the parameters roughly for the a = 1 case, and then we examine whether or not the tuned parameters work well for the a = 1.27 case. Figure  2 shows the dependence of ' on M for the three methods. For each value of M, the error measure for our method is much smaller than that for the other methods. As seen in Fig. 2 , the decrease of ' with increasing M is slow and almost stops around M = 2 10 for Muraki's method. Thus, another parameter setting (s = 8, D 1 = 8/M, D 2 = 4), which follows the setting for our method, is also tested and the result is shown in Fig. 2 . Although ' for Muraki's method is reduced by this parameter setting for large M cases, our method still provides the most accurate solution for each M. The parameters chosen above are applied for the a = 1.27 case (Fig. 3) . Here, the latter parameter setting (s = 8, D 1 = 8/M, D 2 = 4) is used for Muraki's method. In this case again, our method provides the most accurate solution among the three methods even though an exceptional behavior is seen for M = 2 9 , where ' has a larger value than that for M = 2 8 . Second, a Gaussian shape of mountain, the topography of which is determined as,
is considered. Here, the values, 1.57 and 8, are chosen since it is shown in Muraki (2011) that this choice leads to a critical stream-function field. Figure 4 shows the total stream-function field and the upward wind velocity field computed by using our method with M = 1024. For this type of topography, the exact solution is unavailable. Instead, we substitute the approximate solution obtained by using either our method or Muraki's method with M = 2 14 = 16384, and the dependence of ' on M computed in this way is shown in Fig. 5 . The parameter settings are the same as used in the semicircular mountain case of a = 1.27. It is not warranted that our method still provides more accurate solutions than Muraki's method in this case. However, the higher-accuracy of our method seems to hold again because of the following reasons. The error measure decreases monotonically with increasing M for both Muraki's method and our method in Fig. 5a whereas ' for our method ceases to decrease around a certain value of ' in Fig.  5b but our method yields a smaller ' for each M than Muraki's method even in this setting.
As seen above, the parameter setting for our method based on the case of the unit semicircular mountain works well even when a larger semicircular mountain and a Gaussian type of mountain are considered. It is not possible to warrant that the setting works well generally for arbitrary topographies only from these results, of course. However, in our experience, our method provides accurate enough solutions for drawing figures like Figs. 1 and 4 as long as a sufficiently large M is used so that the collocation points represent the topography well and the extent of the collocation points is much wider than the width scale of the topography. One might suspect that the setting of collocation points based on (16) would fail to work well for asymmetric topographies. However, it is not the case. For example, if we consider the unit semicircular mountain shifted to the positive x-direction by the unit length, the value of ' becomes 0.000189 with setting M = 1024. This value of ' is larger than that for the standard case ( ' = 0.000122), but it is still much smaller than that corresponding to Muraki's method with the same M ( ' = 0.00180).
Summary and discussion
In this study, we proposed a new method to compute full-nonlinear steady lee-wave solutions for arbitrary topographies based on the charge simulation method in aiming to provide a tool to obtain reference solutions for developers of high-resolution numerical weather models. As shown above, this new method has a higher accuracy than Muraki (2011) 's boundary element method. Furthermore, unlike Muraki's method, the new method has an advantage that there is no need to use any extrapolation technique to evaluate the wind velocity near the boundary since the new method uses the superposition functions the singular points of which are outside the domain of interest. Figure 6 shows the x-dependence of u at the altitude z = 0.1 corresponding to the exact solution, our method, and Muraki's method for the unit semicircular mountain case. Whereas our method provides a highly accurate numerical solution which cannot be distinguished from the exact solution, Muraki's method has a large error particularly far downstream where the collocation points are distributed sparsely. To reduce the error, one must extrapolate u-values from those at higher altitudes. Then, the accuracy of the evaluation also depends on the extrapolation.
For model developers, it will be more desirable if it is possible to calculate three-dimensional full-nonlinear steady lee-wave solutions in a similar way. Unfortunately, it seems impossible since there is no counterpart of Long (1953) 's theory for the threedimensional Boussinesq system. We believe, however, that twodimensional steady solutions which are calculated by using our method will still serve as basic references.
Before closing, let us discuss why our method has a higher accuracy. Roughly speaking, the superiority seems to come from two factors. One factor is the nature of the CSM itself. It is clear that adopting the ordinary CSM yields a higher accuracy than Muraki's method as shown in Figs. 2 and 3. As described in Okamoto and Katsurada (1992) , in many cases when the CSM works well with an appropriate choice of the charge and collocation points, the CSM often provides more accurate solutions than the boundary element method although its mathematical background is still unclear. The other factor is the choice of the superposition functions. It is an advantage of the CSM that there is some freedom in choosing the superposition functions. In both our method and Muraki's method, the weights for the superposition functions take large absolute values near the origin and they have small but finite value far downstream to cancel the influence from the superposition functions which have singular points near the origin. Consequently, the far-downstream behavior of the superposition functions which have singular points near the origin determines how far-downstream discretization points are required 2 ) calculated by using our method with M = 1024.
to obtain a desired accuracy. For our method, ¶G (x, z; x, h ). On the other hand, in Muraki's method, ¶G(x, z; x, h )/ ¶ n is used as the superposition function, which has ¶G(x, z; x, h)/ ¶ x component and it has no sin f or sin(2 jf) type of dependence on f. Then, in the far-downstream limit, ¶G (x, z; x, h) ). This explains why Muraki's method needs more far-downstream discretization points than our method to obtain a desired accuracy. Figure 7 highlights the difference between the superposition functions used in the two methods (for comparison, the superposition function for the ordinary CSM, G (x, z; x, h) , is also shown). It is clear that the superposition functions used in Muraki's method and the ordinary CSM have larger influence far downstream than that used in our method.
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